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The effect of viscosity on the disintegration of liquid jets can be con- 
sidered in two ways. First, viscous forces alterthebasic flow: they form 
a boundary Iayer whose presence necessarily alters wave formation. 
Second, viscous forces can have a direct effect on the development of 
perturbations for a given velocity profile of the basic flow. In this 
case the study of stability must be based on the Navier-Stokes equa- 
tions instead of the equations of an ideal fluid. This complicates anal- 
ysis considerably. Available data [1] indicate that this influence is very 
minor in the case of moderately viscous fluids. It appears, therefore, 
that the principal role is played by changes in the velocity profile 
alone, and that the behavior of the perturbations is described by the 
equations of an ideal fluid. 

tn the present study we investigated the stability of motion and wave 
formation at the boundary between two fluids in order to determine 
the effect of viscosity on the drop formation mechanism. The simplest 
case of oscillation of the boundary is chosen in order to keep the anal- 
ysis as simple as possible. 

1. L e t  us c o n s i d e r  the  f low of t h r e e  f lu ids  of d e n s i -  
t i e s  pl,  p2, p~ s e p a r a t e d  by p a r a l l e l  b o u n d a r i e s  (e.  g. 

w a t e r ,  w a t e r  v a p o r ,  a i r ) .  
We a s s u m e  tha t  the  s p a c e  i s  d i v i d e d  into  f o u r  z o n e s :  

the  f i r s t  and s e c o n d  z o n e s  a r e  o c c u p i e d  by the  f l owing  

f lu id  of  d e n s i t y  p~ wh ich  f o r m s  a b o u n d a r y  l a y e r  of  
t h i c k n e s s  h i (the s e c o n d  zone) ;  the  t h i r d  zone  is  o c c u -  
p i e d  by  the  f l owing  l iqu id  of  d e n s i t y  p2 f o r m i n g  a b o u n d -  
a r y  l a y e r  of  t h i c k n e s s  h2; t he  f o u r t h  zone  c o n t a i n s  the  
f lu id  of  d e n s i t y  p3, w h i c h  is  at r e s t  (F ig .  1). 

S u r f a c e  t e n s i o n  f o r c e s  ac t  at the b o u n d a r y  b e t w e e n  
the  s e c o n d  and t h i r d  z o n e s  (the c o e f f i c i e n t  of s u r f a c e  
t e n s i o n  is  ~); the  v e l o c i t y  in the  b o u n d a r y  l a y e r  v a r i e s  
l i n e a r l y  wi th  r e s p e c t  to the  c o o r d i n a t e .  T h e  d a t a  f o r  
e a c h  zone  (in a c c o r d a n c e  wi th  F i g .  1) a r e  as  fo l lows :  

(1) p~ V~ ~---V, 
(-- o~ < y < - -  h~,) 

(z) p ,  vz  = v - -  ( v  - -  Vo) (h~ + g) / h~, 
( -  h~ ,% y ~< o) 

(3) p~ Va ~ Vo - -  Vo g / h~, 
(O ..% y ~ h~) 

(4) p~ V~ = 0 
(h~ < y < + +,,o). 

We t a k e  the  s t r e a m  func t ion  in t he  f o r m  

= ~ (y)d(~: ~t). (1.1) 

The  s o l u t i o n s  f o r  the  func t ion  q{y) in z o n e s  1, 2, 3, 
4 a r e ,  r e s p e c t i v e l y ,  

% = C~e-~'v + C~e"v, % = Cee-=v. (1.2) 

T h e  e q u a t i o n  of  m o t i o n  y i e l d s  an e x p r e s s i o n  f o r  the  

p r e s s u r e  g r a d i e n t ,  

0p -b-~z = - - p ( ~ t '  + V  0u' v'  0.§ 

u'----- O~ 0r , v' = - - - g / ) .  

By  (1.2) and (1.3),  

I-Ience, 

I dV 1 er (~x-~O" OzO-PP .~ ip (~ - -  aV) c O' + a~p 

F u r t h e r ,  the  r i s e  of a f lu id  p a r t i c l e  above  the  

u n p e r t u r b e d  b o u n d a r y  s u r f a c e  is  g iven  by 

o~ = v' - -  ~z  V ---- - -  i~l~ ~ (~x-~t) 
ot 

= __ iar ~ (~x-at) __ ia~loVe ~ (ax-~t). 

H e n c e ,  

(1.3) 

(1.4) 

(1.5) 

(1.6) 

The  n o r m a l  v e l o c i t y  c o m p o n e n t s  and the  p r e s s u r e  

g r a d i e n t  at  the  b o u n d a r i e s  y = - h i ,  y = 0, y = h 2 a r e  

c o n t i n u o u s ,  so  tha t  

Op: @2 for y = - -  h: % = q% ~ = 0z 

@2 Op8 Os~ = iv~a 3 fo r  y = o 

@~ op4 fo r  y = h2. (1.8) %----cP4' ~ - -  as 

Subs t i t u t i ng  (1.2), (1.5),  (1.6),  and (1.7) into (1.8) 

and i n t r o d u c i n g  the  d i m e n s i o n l e s s  q u a n t i t i e s  

rn 1 = ahD m2 ~ ah2, 

M = P3 / Pl, N = Ps / P2, (1.9) 

we ob ta in  a s y s t e m  of s i x  e q u a t i o n s  l i n e a r  in the  a r b i -  
t r a r y  c o n s t a n t s .  E l i m i n a t i n g  a r b i t r a r y  c o n s t a n t s  f r o m  
the  e q u a t i o n s  of  t h i s  s y s t e m ,  we  ob ta in  a c h a r a c t e r i s t i c  

e q u a t i o n  of the  f o r m  

- -  [2~ + g l  (1 - -  e -z'~,)] x 

• {2M% ~ [(t --N)~ + g2]e - ~ m ~ - M  (~o ~ + 

+ g2%) [~ ((1 + N )  + ( t  - - N ) e  -2~) - -  

- -g2  (1 --e-2~'~0]} + {fi [(t + N)  + 

+ (t  - -  N)e  -2"~] - -  g~ (t - -  e -~ )}{  [2~t + g~ (t - -  

__ e-2mO] [00 ,0 __ gt~10 __ ~] + 2%~g~e-2"~} = 0 , 

V ~ V o  

Vo (5 a~ _ (1 .1o )  
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2. Let  us c o n s i d e r  the spec ia l  case  whe re  the den-  

s i t i e s  in zones  3 and 4 a r e  equal  (e. g. , in the case  of 

~ ,  (3 )  

Fig.  1 

L e t u s  c o n s i d e r  the spec ia l  ca se  in which t h e r e  is no 
boundary  l aye r  in zone 3, i . e . ,  the p rob l em  of o s c i l -  
la t ion of the boundary between two fluids (e. g . ,  w a t e r  
and air)  with a l lowance for  a boundary  l aye r  in only 
one of them (in the water ) .  

Set t ing k = 0 in (2.4), we find that  

H ~ + p f f t  ~ + p t H + p o = O  

nz -~- M n a  n~ - -  D 
P = =  'I_~-M , P t =  l + M '  

n~D n l  = m + A ~. ~ e ~m 
(2.5) 

In the range of va lues  of the p a r a m e t e r s  en te r ing  
into i ts  coe f f i c i en t s  Eq. (2.5) has  one r e a l  root  H~ = a 
and two com plex  conjugate  roots  Ha, 3 = b �9 ic. The r e -  
la t ionships  be tween the roots  and coef f ic ien t s  of this 
equat ion a re  g iven by the e x p r e s s i o n s  

the w a t e r - w a t e r  v a p o r - a i r  s y s t e m ,  when a i r  of the 
s a m e  dens i ty  as that in zone 4 moves  ins tead  of vapor  
in zone 3, so that p~ = P3, N = 1). Ins tead  of Eq. (1.10) 
we have 

--  [2~ + gl (t -- e-~'~,)] {2M~lo~g~e-e~ - -  

- -  e-~m,)]} + {2[~ - -  g~ ( l - -  e-~"~,)} • 

x {[2~ + g~ (t - e-2")] [~lo ~ - -  gt'qo - -  

- -  ~:1 + 2~lo~gz e-~m'} = O. (2.1) 

Equation (2.1) t h e r e f o r e  c o r r e s p o n d s  to the p rob l em  
of s tab i l i ty  of the boundary  s epa ra t i ng  two fluids of den-  

s i t i e s  Pl and P2 (e. g . ,  w a t e r  and air)  with a boundary 
l a y e r  of th ickness  h 1 in the f i r s t  fluid and a boundary 

l a y e r  of th ickness  h~ in the second. Le t  us se t  

Then 

hl = h  (rot ~- m), h~ = kh (m~ ~ kin), 

K - -  i k + i ' Vo = K k V .  

~lh = H - -  m, ~oh = H - -  K k m  = R ,  -?- 

-V' 

�9 rh  ~ M m  8 p~hV ~ 
v-T = - W -  = D, W = 

(2.2) 

(2.3) 

When we subst i tu te  (2.2) and (2.3) into Eq. (2.1), 
the l a t t e r  b e c o m e s  

( i + M ) R  ~ + [ ( p + q ) ( i + M ) -  

- - K ( I  -- M)  + a - -  bM]R 3 + [pq (t  + 3 / )  -- 

- - ( p  + q ) K  (t - - M )  + aq - - b p M  - - D ] R  ~ - -  

- -  [pqK (I - - M )  + (p + q)D]R - - p q D  = 0 , 

p = - - K m  + Vf f t  (1 --e-2m), 

q = K k m  - -  ~[~K (l - -  e-2~m), 

a : K e  -~'~, b ~ - K e  -2kin. (2.4) 

a +  2b = - - p ~ ,  2 a b + b  2 + c 2 = p l ,  

a (b 2 + 8 )  = - - p 0 .  ( 2 . 6 )  

To obtain an equat ion fo r  d e t e r m i n i n g  the osc i l l a t ion  
i n c r e m e n t  e we e l imina te  the quant i t ies  a and b f r o m  
{2.6). This  y ie lds  

~ p ( ~ + l )  ~=F, c 2 = l / 4 ( p 2 _ 3 p l ) %  

f f  = 27p~ + 4pls ~- 4P~ - -  tSpopJ22 - -  px~p22 

(p~ - -  3pl)3 (2.7) 

Equation (2.7) should be used to d e t e r m i n e  the r e a l  
roots  only. It is ea sy  to so lve  g raph ica l ly  by means  of 
the c u r v e s  F = F(m,  W) and F = r162 + 1) 2 (the dashed 
c u r v e  in Fig .  2). 
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Solutions of Eq. (2.7) appear  in F igs .  3 and 4, which 

show the square  Hi 2 of the d i m e n s i o n l e s s  i nc r emen t ,  as 
a function of the d i m e n s i o n l e s s  wave number  fo r  s e v e r a l  

va lues  of W, and the op t imum wave number  m0 as  a func-  

t ion of the Webe r  n u m b e r  (for M = 1.2.10 -3, w a t e r - a i r ) .  
Le t  us c o n s i d e r  some  spec i a l  c a se s .  

We a s s u m e  that  the th ickness  h of the boundary 
l aye r  tends to ze ro .  Equation (2.5) then y ie lds  

~ i =  ] / M V ~  2 - -  ~% / Pl �9 (2.8) 
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This  r e s u l t  was obtained by the authors  of[2].  In the  
absence  of a ve loc i ty  or  a second fluid (V = 0 or  M = 

= 0), the osc i l l a t ion  i n c r e m e n t  fii turns  out to be i m a g -  
inary.  This  ind ica tes  that the mot ion in this  c a s e  is 
s table .  

Squar ing (2.8), d i f fe ren t ia t ing  the e x p r e s s i o n  for  
the square  of the i n c r e m e n t  with r e s p e c t  to ze ro ,  and 
equat ing the d e r i v a t i v e  to ze ro ,  we obtain an e x p r e s -  
sion for  the wavelength  of the op t imal  pe r tu rba t ion  
( co r r e spond ing  to the m a x i m u m  of the osc i l l a t ion  in-  
c r emen t ) ,  

3nz 
~ = p~-~. (2.9) 

In the o ther  l imi t ing  ease  (W = ~), se t t ing  D = 0 in 

the solut ion of Eq. (2.5), we obtain the opt imal  wave -  
number  m c o r r e s p o n d i n g  to the asympto te  in Fig .  4, 

m~ = 1.225. (2~ 10) 

F r o m  this we obtain the l imi t ing  wavelength  in the 
p r e s e n c e  of a boundary  l a y e r  in the l iquid for  W ~ 
(p rac t i ca l l y  speaking,  for  W > 0.1), 

%m ~ 2~h ~ . ~  = 5.t2h. (2~11) 

Hence,  in this l imi t ing  case  of a boundary l a y e r  
p r e s e n t  in the l iquid the wavelength  cannot be s m a l l e r  
than app rox ima te ly  f ive t i m e s  the th ickness  of the 

boundary l a y e r  for  any va lue  of the l iquid ve loc i ty .  

/77 

Fig. 3 

As we see  f r o m  Fig.  4, the va lue  of the d i m e n s i o n -  

l e s s  wave number  in the gene ra l  c a s e  does  not exceed  
m0 = 1.5, which c o r r e s p o n d s  to a wavelength  of X m -> 
-> 4.2h. F r o m  the s a m e  f igure  we see  that the bound- 
a ry  su r f ace  b e c o m e s  s table  fo r  Webe r  number s  W 
-< 0.004. 

The above p r o b l e m  of osc i l l a t ion  of the boundary  b e -  
tween two fluids with a l lowance fo r  the boundary  l a y e r  
in one of them (in the d e n s e r  fluid) is  the m o s t  i m p o r -  
tant  one, s ince  the boundary  l a y e r  in the l e s s  dense  
fluid has only a weak effect  on the osc i l l a t ions .  

This  m a y  be seen  f r o m  the fol lowing cons ide ra t i ons ,  
F r o m  Eq. (2.4) for  D = 0 ( cap i l l a r i t y  is  not involved) 
we can obtain s imp le  equat ions  c o r r e s p o n d i n g  to: 

1. The c a s e  of ose i l l a t ions  of the boundary  be tween  
two fluids with a l lowance fo r  the boundary l a y e r  in the 
d e n s e r  fluid only, 

(M+I)H 2 - ( M n ~ + n 0 H + n  2 = 0 .  

2. The case of oscillations of the boundary between 
two fluids with allowance for the boundary layer in the 

less dense fluid only, 

(M + l )H ~ - -  (n2 + M n O H  + Mn2 = O. 

Solution of each of the above equations s i m u l t a n e o u s l y  with trans- 
formed equation (2.8) corresponding to the case of oscillations of the 
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boundary between two fluids with a discontinuous velocity distribution 
enabled us to draw the following conclusions: 

(1) The presence of a boundary layer in the denser fluid markedly 
increases the oscillation increment as compared with the case of a 
discontinuous velocity distribution at the boundary (the lower-density 
fluid has only a weak effect). 

(2) The presence of a boundary layer in the lower-density fluid 
(because of its low density) yields values of the oscillation increments 
comparable with those obtained in the case of a discontinuous velocity 
distribution. 

3. If the th ickness  of the boundary  l a y e r  in the l i q -  
uid o r  gas  is s m a l l ,  the v i s c o s i t y  of the l iquid o r  gas  
can have a d i r e c t  e f fec t  on wave  fo rmat ion .  The p rob -  

l em of the d i r e c t  e f fec t  of v i s c o s i t y  on wave f o r m a t i o n  
without  a l lowance  for  the ve loc i t y  of the fluid was 
so lved  by Lamb [3] (pp. 787-791) ,  who found that  v i s -  

cos i ty  r e s u l t e d  in damping of the o sc i l l a t i ons  accord ing  
to the law 

A A0 e-2w-3, ~2 = ~ = s ~  - (3.1) 

H e r e  A is  the wave  ampl i tude,  A0 is  the in i t ia l  a m -  
pl i tude,  v is the k inemat i c  v i s c o s i t y  of the l iquid,  a is  

-- p 

- - ~  logLl ] 
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the wave num ber ,  and r is  the t i m e  r e q u i r e d  for  the a m -  

p!i tude to d e c r e a s e  e t i m e s  (e is the base  of Nap ie r i an  
loga r i t hms) .  
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This  means  that v i s cos i t y  affects shor t  waves only. 
It is  of i n t e r e s t  to compare  the d i r ec t  effect of v i s -  

cos i ty  on osc i l l a t ions  with the effect by way of the 
boundary  l aye r  in the p r e sence  of a fluid veloci ty.  

As in [4], we e s t ima te  the wavelength f rom the for -  
m u l a  for  the a r b i t r a r y  ampli tude A of the waves with 
r e spec t  to t ime [3]: 

dA C 
~ - -  2vl~2A,  

2~ c ---- ] / ~ l P l ,  vl = ~t___~ c~ = (3.2) 

Here c is the ve loc i ty  of propagat ion of the cap i l l a ry  
waves ,  Vl is the coeff icient  of k inemat ic  v i s cos i t y  of 
the fluid,  ~ is the wave n u m b e r ,  and k is the wave-  
length. 

According  to Je f f rey  [3], the express ion  for  the gas 
p r e s s u r e  over  the moving wavec re s t  can be taken in 
the form 

where  U 2 is the ve loc i ty  of the gas,  rio _ 1 is  a coef-  
f ic ient  c h a r a c t e r i z i n g  the gas p r e s s u r e  d i s t r ibu t ion  
over  the wave c r e s t ,  and dT?/dx is  the der iva t ive  of the 
r i s e  of the fluid sur face  with r e spec t  to the coordinate  
in the d i rec t ion  of the ve loc i ty  U 2. Then  

C = ~~ (U2 - -  c )"aA.  (3.3) 

Subst i tut ing the va lues  of C and c into (3.3) and neg-  
lec t ing  the wave propagat ion  veloci ty  as compared  with 
U2, we obtain 

dA A ( +  ~~ p2 U~a 2~132 I 
d-- i -=-}- '  ----- 2 pl y ~ ] / ~ _ _  P~ /" (3.4) 

The ampl i tude  A is  m a x i m u m  for 1 / r  = O. F r o m  
this  we find that  

Since the op t imum wavelength is  

~. = 2nh  / rno ( W ) ,  (3.6) 

where  m0(W) mus t  be taken f rom the curve  of Fig.  4, 
we can subs t i tu te  (3.6) into (3.5) to obtain the following 
exp res s ion  for the case of a boundary  l aye r  in the l iq -  
uid only: 

L = 16 [too (W)] 3 / W 2. (3.7) 

Here we a s sumed  that fl~ = 1/2.  
Equation (3.7) was der ived  f rom the condit ion of 

equal i ty  of the op t imum pe r tu rba t ion  wavelength ob- 
ta ined with al lowance for the boundary  l aye r  but not 
for  the v i scos i ty ,  to the wavelength obtained with a l -  
lowance for  a ve loc i ty  d i s t r ibu t ion  d iscont inuous  at 
the boundary  surface~ 

This  equation enables  us to es t imate  the range  of 
appl icabi l i ty  of the above theory.  

The curve of Fig. 5 constructed on the basis of Eq. (3.7) indica tes  

tha t  wi th  low-v iscos i ty  l iquids (water e t  al.  ) the effect  of viscosity is 

neg l ig ib le .  For example ,  for a ve loc i ty  of V = 100 m / s e c  and h = 

= 0.02 cm for water  we have  W = 3v, L = 13 460; the point correspond- 

ing to these values  of W and L l ies  high above the curve of Fig. 5. 
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